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Radiation Stresses on Real Surfaces

D. K. EDWARDS* AND J. T. BEVANsf
TRW Space Technology Laboratories,

Redondo Beach, Calif.

Nomenclature
arbitrary function of 0 and <p, Eq. (4)
solar irradiation normal to a surface, ergs /sec-cm2

spectral radiant intensity, ergs/sec-cm2-sr-/*; I+ = leav-
ing, I~ = incident, 7& = ideal Planckian radiator

surface stress, dynes/cm2-sr-/x; PXj Py, and Pz = stresses
in the x} y, and z directions of the surface '

absolute temperature, °K
velocity of light, 2.998 X 1010 cm/sec
reflection distribution function, as defined by 7+(02, <pz) = •

/(0i, <pi, 02, #2)7 ~(0i, <PI) cosflidQi. where Oi is the solid angle
of the source

Planck's const, 6.625 X 10 ~27 erg-sec
emittance
polar angle of spherical coordinate system; 0i = incident,

02 = leaving, 00 = incidence for solar irradiation
wavelength, /*; used as a subscript to denote the mono-

chromatic dependency of the subscripted quantity
frequency, sec"1

3.14159
reflectance
azimuthal angle of spherical coordinate system; & — in-

cident, <f>2 = leaving, <pQ = incidence for solar irradiation

J? =
G =
7 =

P =

T =
c =

h =

X =

p
<p

RECENTLY there have been a number of papers on radia-
tion forces. Clancy and Mitchell1 have shown the

effect of radiation-induced torques upon satellite attitude
under the assumption of specularly reflecting surfaces. A
similar analysis was performed by Polyakhova with the spec-
ular assumption. Holl3 utilized Fresnel's equations as a more
realistic approach to the angular variation of reflectance.
The purpose of this note is to give the general expression for
the radiation stress on a surface of arbitrary reflecting proper-
ties, i.e., real, not necessarily perfectly specular or perfectly
diffuse. Knowledge of these stresses is important in accu-
rately predicting disturbance torques on gravity-gradient
stabilized systems.

In the computation of radiation transfer between real sur-
faces, spectral radiant intensity 7 (6, <p, X) (ergs/sec-cm2-sr-ju)
is employed to give the power in direction 6, <p per unit normal
area, solid angle, and wavelength bandwidth. The quantity 7
can be determined when the reflection distribution function is
known. These quantities, the radiant intensity and reflection
distribution function, can be employed to calculate force per
unit area on real surfaces caused by impinging or departing
streams of photons. Such surface stresses (not just pressures)
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are needed in order to calculate forces and moments causing
space vehicles to change trajectory and attitude.

According to Einstein's photoelectric law, any particle
carries energy hv. A photon traveling at the speed of light
carries momentum hv/c. The momentum stream per unit
normal area, solid angle, and wavelength bandwidth in the
direction 6, <p is then 7/c (dynes/cm2-sr-ju). This stream
gives rise to a force according to Newton's laws. The stress
vector on a surface is thus equal to minus the integral of the
momentum stream over all solid angles:

= _ f °° r2?r r *
~~ Jo Jo Jo

sin0
sin0
cos0

- 1 sin0

(1)
Two radiant fluxes must be distinguished, one impinging

with (Fig. 1) intensity 7~ and the other departing with in-
tensity 7+. If the incident flux 7~ is known, the departing
flux from a surface in a state of thermodynamic equilibrium
at temperature T is given by the reflection distribution func-
tion4 /(0i, <pi, 02, <p2, X) and the directional emissivity (related to
an integral of the reflection distribution function) .5 The sub-
script 1 denotes incidence directions, and subscript 2 denotes
departing directions:

7 + (02, <P2, X) =

'/2 ^ ,n

} X)

sin<91

where 7& is the blackbody intensity by Planck's law.
the complete expression for the surface stress is

Thus

r/2 sin0i
sin 0i
COS0i

X

•(7)sin91 — I I IJo Jo Jc
r/2 sin02

sin02
COS02

X

02, <£>2, X) sin0i sin02 (3)

Several special cases of Eq. (3) can be readily integrated to
closed form. First, if 7 ~ is nearly collimated as is solar radia-
tion at the earth's distance from the sun, the integration over
0i and cpi reduces as follows:
/• oo /• 2ir /» 7T/2

Jo Jo Jo 7 sin0i

G cos00F(00, < (4)

Angle 0o is the polar angle between the surface normal and the
line of sight to the center of the sun or other source, and <£>o is
the azimuthal angle measured in the plane of the surface.
Taking F to be successively each of the functions in Eq. (3)
transforms Eq. (3) to

P*
Py
P,

sin0 cos
sin 00 sin
cos 00

r /• x/2 j

Jo 1

<PQ
<£o

sir
sir
CO

fG\[ - ] cosW
102 COS<£>3

102 COS<£>2

S02

— } cos00/(0o, <£o, 02, <?2, X) > sin02 (5)

If the reflection distribution function is that for a perfectly
diffuse or a perfectly specular surface, then Eq. (5) can be re-
duced further. For a perfectly diffuse surface,/(00, <£>o, 0o, <£>2, X)
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SOURCE

Fig. 1 Geometry of radiation incident and departing from
a differential area of a surface.

= P/TT (wThere p is the reflectance of the surface), and Eq. (5)
becomes

Pz

shift) eos<£o
= — sin0o sin<po

cos 00

- 1 cos00 — X

/PxGx\ c- °-;.» (6)

For a perfectly specular sample, the quantity / in Eq. (2) is a
delta function ?$o that

(7)

In this case the stress Eq. (5), with p = p(00, <A>) averaged
over the spectrum corresponding to (?, becomes

P*
Py
Pz

= —
sin 00 cos<£0(l — P)
sin 00 sin^o(l — p)
cos 00 (1 + p)

/» 00 /» 27T /* 7T/2

Jo Jo Jo

iG\[ — J cos00 —\c/
sin02 cos<£>2
sin 02 sin<p2
COS02

e(02, <^2, X) X

(8)

Equation (3) gives the general case, whereas Eqs. (6) and
(8) are special cases for directional irradiation and diffuse and
specular reflection, respectively. A final observation that may
be made is that, if a maximum solar radiation moment is de-
sired at a grazing angle of incidence, 00 ̂  80°-90°, as on a solar
rudder sail, a diffuse reflecting surface is more desirable than
a specular surface, and the best surface would be a grating
blazed such that I+ was directed along 02 = 0. Such a grating
could be made by embossing thin foil, for example.
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An Experimental Investigation of the
Erosive Burning Characteristics of a
Nonhomogeneous Solid Propellant

M. J. ZUCROW,* J. R. OsBORN,f AND J. M. MURPHY^
Purdue University, Lafayette, Ind.

Nomenclature
Ath = area of the throat of the exhaust nozzle
Ats = port area of the test section
g = acceleration due to gravity
k = ratio of specific heats of the combustion gases
Mts ~ average Mach number of the combustion gases in the test

section
0/F = ratio of the oxidizer to the binder by % wt
pc = combustion pressure, psia
rQ = linear burning rate
r = total burning rate, in. /sec
re = erosive burning rate (r — n>)
R = gas constant
SF = scale factor defined by Eq.(l)
U — propellant temperature; i.e., its temperature prior to

ignition
I/ = flame temperature of the combustion gases
ug — average velocity of the combustion gases, fps
Uto = threshold velocity of the combustion gases; velocity

above which r>rQ
Afe = burning time
Ax = change in the position of the burning surface during Afe

I. Introduction

IN general, the burning rate of a solid propellant, denoted
by r, is a complex function of many variables and may be

represented by the following functional relation1:

r = r(pc} tf, fc, ua, 0/F)
In addition, it is a function of the composition of the pro-
pellant, the oxidizer particle size (in a composite propellant),
and the geometry of the propellant grain.

II. Experimental Investigation

The experiments were conducted with two-dimensional
rocket motors comprising a gas generator and a test section;
the propellant sample was burned in a two-dimensional test
section.

Figure 1 illustrates the essential features of the test sec-
tion; the propellant samples were bonded to its diverging
sides. The divergence of the latter was such that the axial
velocity of the combustion gases (discharged from the gas
generator) was substantially constant in the region where
they wetted the propellant samples.

In each experiment, the propellant sample burned in the
test section was taken from the same bath of propellant that
was burned in the gas generator. Consequently, there was
no significant difference in the composition of the gases pro-
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